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Anisotropic Stiffness Effect on Stability of a Magnetically
Suspended Momentum Wheel
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This paper describes a method for designing the bearing stiffness and analyzing the damping characteristics
of the whirling motion of a momentum wheel that is actively stabilized in the axial direction and passively
supported in two orthogonal radial directions by magnetic force. A method for estimating the magnetic bearing
stiffness is introduced, which uses magnetic circuit theory and numerical simulation technique. The equations
of rotor motion include the effect of anisotropic stiffness of bearing. A solution to the equations of motion is
obtained by applying the method of averaging, relating the relationship of the damping characteristics variation
with angular speed to the anisotropy of stiffness. The limiting speed, where the damping factor is equal to null,
increases by the quantity proportional to the difference of the bearing stiffness in two orthogonal directions
perpendicular to the axis of rotation. The result was verified by the experiment with a single-axis controlled and
magnetically suspended momentum wheel.

Introduction

MAGNETICALLY suspended momentum wheels in
spacecraft attitude control systems offer several advan-

tages over a ball bearing wheel. These advantages include
friction-free rotation, reduction of energy consumption, long
lifetime, and high reliability. The use of such a wheel in a bias
momentum attitude control system provides very remarkable
benefits such as high precision control and long lifetime. Five
types of magnetic suspension utilizing attractive force! between
stator and rotor can be categorized according to the actively
controlled degrees of freedom.1 Each type has its own advan-
tages and disadvantages. Generally speaking, complexity in
the control circuit increases with the number of the actively
controlled degrees of freedom (hereafter referred to as
"axis"). This increase results inevitably in an increase of
power consumption and deterioration in reliability of the
bearing system. Of the five types, the single-axis controlled
magnetic suspension system has attracted the most attention
due to its simplicity arid possibilities for high-speed wheels.
Some models of single-axis control systems, which were devel-
oped in Europe, have been reported.2'3

Figure la shows schematically a single-axis controlled
wheel. Active control is applied in the axial suspension of the
rotor, and passive stabilization works in the two radial axes by
the attractive force generated by the permanent magnet. One
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way to sustain the stability of the motion of this type of rotor
is to increase the radial bearing stiffness. We can obtain a high
critical speed of rotor by using high bearing stiffness. An
efficient design method is achieved by applying the theory of
magnetism. Another efficient way is to increase the damping
factor of the rotor dynamic motion. High rotational speed
beyond the critical speed can be attained with the high damp-
ing factor. It is well known that internal dissipation in the
rotor causes instability of the radial whirling motion at such
high rotational speed.4'5 In this paper, we develop analytical
expressions for the increase of the damping factor due to
anisotropy in radial bearing stiffness. The uniqueness of our
method is the transfer of structural anisotropy in the stator
into the bearing stiffness anisotropy.

The angular speed of the isotropic bearing where the damp-
ing factor decreases to null, called "limiting speed," depends
on the ratio of the stator damping factor vs the rotor damping
factor and the critical speed. On the other hand, the limiting
speed of the anisotropic bearing depends on the difference of
the bearing stiffness. By making a difference in the bearing
stiffness in two orthogonal transverse directions, the limiting
speed of the rotor can be increased remarkably. It is found
that one way to make a difference in bearing stiffness along
two radial axes is to introduce structural anisotropy into the
stator.

In this paper, the design method of stiffness of single-axis
controlled magnetic bearing is described first. The way of
increasing the magnetic bearing stiffness and the correct esti-
mation of the stiffness are discussed. Second, the dynamic
behavior of a rotor supported by single-axis controlled mag-
netic bearing is analyzed. An expression relating the limiting
speed of the rotor and the bearing stiffness is deduced. Exper-
imental results verifying the effectiveness of the analysis are
also presented.

Designing a Method for Determining Bearing Stiffness
In this section the method for determining the load-carrying

capacity of single-axis controlled magnetic bearing is de-
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Fig. 1° Configuration of single-axis controlled magnetic bearing wheel.

scribed. As already discussed, high bearing stiffness is neces-
sary to attain high rotational speed of the wheel. The high
bearing stiffness can be realized with precise estimation of the
bearing characteristics.

Preceding the discussion of the method, we shall explain the
principal construction of the wheel. As shown in Fig. la, a
pair of the magnetic bearings are located in a longitudinal
symmetric position. A pair of coils excite a modulated mag-
netic field that is applied to actively control the axial motion
of the rotor. The gap sensors of eddy current type are located
on the lowermost part, and the rotor position signal is fed to
the feedback controller. A pair of touchdown ball bearings, in
both the uppermost and the lowermost parts, work effectively
only when the magnetic bearing does not work. They prevent
the rotor from touching down impulsively to the stator teeth
due to the action of the permanent magnet.

Virtually zero power control6 was introduced into our
model in order that the energy consumption in the control
system should be minimized. As shown in Fig. Ib, three closed
magnetic flux lines are formed in each of the upper and lower
magnetic bearings in our model. The magnetic flux in the
upper and lower magnetic paths, L\ and L3, is generated by
only the rare-earth permanent magnet. The magnetic flux of
the middle path, L2, is generated by the control current of the
coil and applied to stabilize the axial motion of the wheel
rotor. The magnetic field that is needed to hold the rotor
against an external stationary force in a position between the
magnetic poles of the stator is generated by each of the two
pieces of the rare-earth magnet. Therefore, the procedure for
estimating the load-carrying capacity in the nominal condition
is preceded by the other. In Fig. Ib the gaps and the magnetic
paths of the bearing form an axisymmetrical configuration at
the nominal condition of equilibrium. The clearances from
top to bottom of the four gaps are defined as gi, g3, g4, and g2,
respectively. The magnetic fluxes of the three closed paths are
defined as $1, $3, and $2, respectively, as shown in Fig. Ib.

Using the analogy between magnetic and electric circuits
where magnetic flux $ is compared with electric current, reluc-
tance R with resistance, and magnetomotive force Em with
electromotive force, the magnetic flux $1 in the magnetic path

LI is represented by

(R, + R3 + r)$! = Em (1)

where RI and R3 are the reluctance in the gap gi and the gap
#3, respectively, Em is the magnetomotive force in the rare-
Earth permanent magnet, and r is the internal reluctance in the
permanent magnet. The magnetomotive force Em is related to
the demagnetization Hc of the permanent magnetic:

(2)

where lm is the length of the path along the principal magnetic
field in the permanent magnet. The internal reluctance r is
expressed by

r = no(Am/lm) (3)

where /*0 is the magnetic permeability of free space and Am is
the cross-sectional area of the permanent magnet along the
principal magnetic field.

Reluctances RI and jR3 in the gap are influenced by the flux
leakage. A numerical simulation technique for magnetic fields
was applied in the computation of those in the vicinity of the
gap. From the computation it was found that the flux leakage
was governed by the dimensions and the configuration of the
teeth in the gap. The precise distribution of the efficient flux
may be obtained by the numerical simulation technique. How-
ever, a simple and convenient technique is more advantageous
in designing estimation. So, applying Roters* method,7 the
reluctance RI in the gap gi and the reluctance R3 in the gap g3
are represented by the following equations considering the
effect of the leaked flux:

1--
1 -f «i H- «2 i

/ \
'e3 / , °^1 T &QOt2 %3 \

——————— 1 1 — -————————— —- I
I + ai«2) \ 1 + Ofi + Oi2 Ig3/

(4)

(5)
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where A\ andA3 are the cross-sectional areas of the teeth, and
lgi and Ig3 the gap clearance lengths, respectively, in the gap g{
and the gap £3; a0> <*i» and <*2 are nondimensional coefficients
depending on the configuration of the teeth. In these equa-
tions, the influence of the small displacement z\ and z3 (< lg\
and /£3) are expressed in the second terms in the right side
parentheses. Using Eqs. (1-5), weocan estimate the magnetic
flux $1 of a round of the loop. The magnetic flux density, for
example, Bj in the gap gJ9 is deduced as

* l U = 1,3) (6)

where I/// is the effective flux ratio to the total flux represent-
ing the stiffness of the attractive force; it is represented ap-
proximately by

1 1 A i + o
V 1 + OLj + OL

(7 = 1,3) (7)fj 1 + otj +

, The axial magnetic suspension force Fa is estimated as

(8)

From Fa, we can obtain an approximate axial bearing stiffness
ka by using the equation ka = dFa/dz. Assuming z\ = Z3 = z,

and l\ = /g3 = Ig9 we find

9F. 1 + m -

4$ 1 +
(9)

In this type of magnetic bearing, the attractive force react-
ing between the magnetic poles of the rotor and the stator
results in the passive stabilization. No estimating methods of
bearing radial stiffness can be compared with Roters', method.
Therefore, we applied numerical simulation of the magnetic
field to estimate the radial stiffness. Figure 2 shows an exam-
ple of the computation result representing the magnetic field
in the vicinity of a gap. The successive method of accelerating
relaxation (SOR) is applied to solve the two-dimensional
Laplace equation V2w = 0 (where u is the magnetic potential)
under suitable boundary conditions. The magnetic flux line
$ri, which emanates from the stator counter-surface to the
rotor pole and terminates in the upper surface of the rotor,
contributes to the radial restoring force. Another magnetic
flux line $,-2, which emanates from the rotor counter-surface
of the stator, also contributes to the radial restoring force.
Assuming Brl is the magnetic flux density resulting from $rl
and Br2 is that from $r2, the radial restoring force/r per unit
peripheral length is expressed as

\ Br\di)
J/2 2 /

stator magnet
pole

where l{ is the path along the upper surface and /2 is that along
the lower surface. Assuming the eccentricity of the rotor rela-
tive to the center of the stator is x, the relative radial displace-
ment xe depends on the peripheral angle 6. Then, the total
radial restoring force Fr is obtained by integrating fr(0) along
the peripheral angle from 0 to 2ir9 i.e.,

)
27T

(U)

where rm is the mean radius of the stator pole. The radial
bearing stiffness kr = dFr/dx was estimated on our example as

(12)

Analysis
The design technique for a high bearing stiffness was dis-

cussed in the preceding section. The means for realizing a high
rotational speed of the rotor are investigated in the following
sections.

Modeling
By using the earlier results and dynamics we can model

rotor whirling motion. The rotor is suspended by the magnetic
bearing and can move without contact within the gap clear-
ance of the bearing. The rotor structural stiffness is assumed
high enough for it to be treated as a rigid body. Then rotor
motion may be separated into a translational mode and a
tilting mode. Essential features of the dynamic behavior can
be deduced from the translational mode as far as the rotor
motion is concerned. When the tilting mode is treated, the
interaction between the satellite carrying the wheel should be
taken into consideration.8 The tilting motion is dropped in the
following sections. (The damping characteristics in the pas-
sively stabilized axis mentioned earlier can be deduced with
only the translational mode motion.) Figure 3a schematically
shows the longitudinal cross-sectional view of the outer rotor
and the inner stator. The stator is deflected elastically in the
radial directions in an eccentric manner (z axis is defined in the
vertical direction). This figure schematically shows only the
radial motion of the rotor. The coils are not shown in the
figure. Figure 3b shows the horizontal cross-sectional view of
the bearing stator and the rotor featuring the motion of their
center. The stator cross section in this figure is assumed to
represent the mean position of its upper cross section and its
lower cross section. The stator center point is at (£,17) due to

rotor

\
/

stator

-

_

P

Fig. 2 Magnetic field and restoring force in the vicinity of gap.

n/7//
Fig. 3a Schematics of longitudinal cross-sectional view of wheel.



MARCH-APRIL 1991 STABILITY OF A MAGNETICALLY SUSPENDED MOMENTUM WHEEL 333

rotor
stator

*~ x

Fig. 3b Position of center of rotor and stator in transverse cross
section.

elastic deformation from its nominal position. The rotor cen-
ter point at (x,y) is displaced due to its whirling motion. The
equations of motion for the rotor center of the mass are

x + wgx + 2dotx + 2dit(x + uy) + ex£ = 0

y +. 2doty + 2dit(y - COAT) + arj = 0

(13a)

(13b)

where Jc, y, x, and y are the first and second derivatives of x
and y with time, respectively; other symbols are defined as
follows: o) is the angular speed of rotor, co0 the critical speed of
rotor caused by finite bearing stiffness, dot the damping factor
due to eddy current loss in the stator, dit the damping factor
due to eddy current loss in the rotor, and a the reaction factor
due to stator deflection. The terms dit and dot represent electro-
magnetic induction effect related with the relative speed be-
tween the rotor and stator. The terms 2dituy in Eq. (13a) and
— 2ditux in Eq. (13b) represent the coupling effect where an
eccentricity in the one axis induces another eccentricity in the
other axis due to the rotation. Their effect will be re-examined
later in more detail. The terms a£ in Eq. (13a) and <xrj in Eq.
(13b) represent the coupling effect between the rotor and the
stator due to the eccentricity. The equations of the stator
motion at its center of mass are described as

=0

(14a)

(14b)

where £, £, TJ, and i) are the first and second derivatives of £
and i? with time, respectively, and the other symbols are de-
fined as follows: corjc and ury are the mode angular speeds of
the stator along the x and y axes due to its structural elasticity,
dr the damping factor of the stator due to its elastic deflection,
and a' the reaction factor due to the rotor eccentricity. The
terms w^ and ury are distinctive to each other to prepare for
the introduction of the anisotropy of the structural stiffness in
the stator. The anisotropy of the structural stiffness will turn
out later to be equivalent to that of the bearing stiffness. The
terms ot'x and a'y represent the radial restoring force effect,
as mentioned in the preceding section, due to the rotor dis-
placement. Equations (13a-14b) describe the motion of the
rotor and the stator considering the anisotropy of the stator
structural stiffness.

Damping Factor of Isotropic Bearing Rotor
Taking the stiffness of stator as infinite, Eqs. (14) are dis-

carded, and £ = T? = 0 is assumed in Eqs. (13). The remaining
equations represent the motion of the rotor suspended by
isotropic bearing:

x + coo2x + 2(dot + dit)x+ 2ditwy = 0

+ 2(5ot + dit)y - 2ditwx = 0

(15a)

(15b)

The coupling effects are expressed explicitly in the last terms in
Eqs. (15a) and (15b). To obtain an approximate solution for
the dynamic characteristics of the rotor, the method of averag-
ing is applied as follows, transferring the variables x and y to
the harmonic functions of co0:

(16)

where a* and b* are the conjugate complex variables of a and
b, respectively. Inserting Eq. (16) into Eqs. (15a) and (15b) we
obtain the following equations:

' - a*e ~i

+ 2(do a*e

(17a)

-b*e -/

+ 2(do

**** - b *£-''<"<*) + 2ditu(aei(*>t + a*e -*«*) = 0 (17b)

Neglecting a, a*, and the other higher-order terms, we obtain
the following equations by multiplying the remaining terms by

b = (do \ a*)e

(18a)

(18b)

where /i and/2 are the linear functions of a*, a*, b*9 and b*,
b*,a*9 respectively. The third terms on the right sides of Eqs.
(18) are of the same order magnitude. The sinusiodal func-
tions have frequency 2co0. When focusing the slow variation of
a and b, we can eliminate the last terms by averaging them
over the period (TT/COQ). This approximation is valid for the
frequency below (WO/TT). Then we obtain the following equa-
tions, which approximate Eqs. (18):

a - (dot + dit)

b - (dot - dit)

= 0

= 0

(19a)

(19b)

Equations (19) form a set of simultaneous, ordinary differen-
tial equations with constant coefficients. We obtain the real
part d0 of the eigenvalue of the system as

do = (do (20)

The imaginary parts of the eigenvalues are assumed to be
± o?o, because using them in Eqs. (17) and then Eq. (20) repre-
sents the damping factor. From the equation, it is found that
the lower value of the damping factor decreases with the
angular speed of rotor co and it becomes negative beyond the
boundary speed at which the right side becomes zero. Accord-
ingly, the limiting speed wc of the rotor stabilization is ex-
pressed as

= (dot + dit)(wo/dit) (21)

This equation shows that the internal loss dif causes a decrease
in the limiting speed coc. To increase value o>c, we must in-
crease co0 or decrease 6/,, because as a practical matter we
cannot decrease dit below some minimum value.

Modification of Damping Factor
Equation (20) has been deduced on the assumption of

isotropic bearing stiffness. The reason 60 decreases with o> is
because the isotropy of bearing stiffness helps the growth of
rotor whirling motion through a tight coupling effect between
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x and y degrees of freedom of the motion, and rotational
energy of rotor is poured to the whirling motion. It is pointed
out that the anisotropy of bearing stiffness prevents the inter-
nal loss factor from decreasing the mode damping factor.4 We
formulate this effect from Eqs. (13a-14b). Now, we transfer £
to the following equation focusing on Eq. (14a).

t — c*e (22)

Inserting Eq. (22) into Eq. (14a), we can obtain the following
relation about c after neglecting the derivatives of c:

c =• (23)

Using Eq. (23) in Eq. (22), and also Eq. (16), after neglecting
the derivatives of a, we can obtain the following expression:

,
s — (24)

After introducing Eq. (29) into Eq. (13a), we finally obtain

- ( 2 aa/ \ ^ « aoi'br .
X + I W0 —— 2 ———— 2)X + 2 d^ + ——2 ———— 2-T*\ w^-cdg/ L (<*rX-uor

, (25)= 0

To compare the factors in this equation with the correspond-
ing factors in Eq. (13a), we must modify o>0 and dot as follows:

(26)

(27)

After applying the method of averaging to Eqs. (31), we
obtain the following equations relating a and b,

(33a)

b + [/A - (5ot + 5it)]b + i(—jdita = 0
V«W

where

A = (co0v - 030x)/2a)0x

(33b)

(34)

dit ± dl + (—
L \o>ox,

The real part of the eigen solution of the equations, that is the
damping factor 60, is modified as follows:

(35)

(36)

These relations are shown in Fig. 4, where the dotted line
represents Eq. (20) and the solid line Eqs. (35) and (36). It is
readily apparent that the improvement of the damping factor
is significant. The limiting speed of the rotor o>c increases
markedly as shown in the following equation:

coc =

This equation implies that remarkable improvement of o>c is
attained if the difference of the structural stiffness of the
stator in the two transverse axes, as given by

A = + UQX)/20)OX (38)

is significant.

The modification on ACOQJ, and A600, should be made as

(28)

(29)

The modification of Adotx and Adoty is practically negligible,
because dr cannot be large. The anisotropy of structural stiff-
ness in the stator can be transferred accordingly into that of
the bearing stiffness. So, we replace co0 with co0x and co0^ as
follows:

(30a)

(30b)

Now, we should return to Eqs. (15a) and (15b). The following
equations express the modified equations of the rotor motion
considering the anisotropy of bearing stiffness caused by
structural anisotropy:

x +

y +

+ 2(dot + 6,,)* + 2dituy = 0

+ 2(dot + dit)y - 2ditux = 0

(3 la)

(31b)

The transfer of the variables x and y with the harmonic func-
tion of the angular speed co0jc is executed the same way as in
Eqs. (18),

Experiment
To test the analysis developed, the experiment was con-

ducted using the model shown in Fig. la. The model is con-
tained in a vacuum chamber with air pressure of 3 Torr, as
shown in Fig. 5. The rotor radial motion is detected by the
position sensors located close to the lower end of the rotor.
The damping factor of the system is measured by the sensors
immediately after an impulse is given on the vacuum chamber.
Figure 6a shows an example of the damping spectrum curve of
the translational motion measured on the wheel of the
isotropic stiffness at rotational speed 0. The curve was reduced
by transferring the vibration signal into the amplitude spec-
trum through the fast Fourier transformer (FFT). The critical
frequency of the wheel is 28 Hz. The Q value reduced to the

x = ae a*e b*e~ i (32) Fig. 4 Damping factor variation with rotational speed.
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Fig. 5 Schematics of experimental setup.
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Fig. 6 Damping spectrum curve of translational mode motion.

damping factor is obtained from the spectrum curve centered
at 28 Hz. Figure 6b shows another example of the damping
spectrum curve of the same mode at rotational speed 40 rps.
We can find two peaks; one at 28 Hz and the other at 40 Hz
identified with the rotational speed. The curve centered at 28
Hz has become sharper compared with the curve at rotational
speed 0. This means that the damping factor at rotational
speed 40 Hz is less than that at 0 Hz. The result of the
measurement in the case of the stator with isotropic stiffness is

O rotor with isotropic stiffhes
• rotor with anisotropic stiffness

6.0

o» 4.O

O

OC

E

Bq.(20)

-O-t.
50 IOO ISO

ROTATIONAL SPEED(r/s)

Fig. 7 Damping ratio variation of the rotor with the rotational
speed.

shown in Fig. 7. The white circles represent the measured
damping ratio rjcy( = 60/wo). From the estimated curve in the
figure, the limiting frequency/c( = coc/27r) is figured as 43 Hz.

One of the effective measures of improving the limiting
speed is to increase dit. Accordingly, we decreased the stiffness
of the inner stator, intending the increase of the dissipation
energy caused by elastic deflection. Another effective measure
is to utilize the anisotropic structural stiffness of the inner
stator. A small key groove was dug on an end of the center
shaft, which is the main member of the inner stator. Finally,
the following characteristics were measured:

co0 = 176 rad/s (28 Hz)
urx = 230 rad/s
ury = 274 rad/s
eta' = 3 x l 0 6 s ~ 4

dot + d^ = 0.88s-1

The estimated limiting speed based on the preceding character-
istics is

coc = 2.49 x 103 rad/s (= 397 rps) (39)

The experimental results that support the estimation proce-
dure were shown also in Fig. 7. The black circles represent the
measured damping ratio of the stator with the anisotropic
stiffness. There is remarkable improvement of the damping
characteristics, although the adequacy of Eq. (39) is not clear
for lack of the experimental data above the rotational speed of
170 (r/s).

Conclusion
A method for determining the effects of the stiffness of the

magnetic bearing supporting a rotor have been developed,
which incorporates active stabilization in the axial direction
and passive stabilization in the two orthogonal radial direc-
tions. An analytical expression for the damping characteristics
of the rotor was deduced. From this expression it was con-
cluded that the anisotropic stiffness of the stator structure can
be used effectively to improve the passive damping character-
istics. The prediction of the improved damping characteristics
was verified experimentally.
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